A thermal activation model to describe the plasticity of bulk metallic glasses (Derlet and Maaß, Phil. Mag. 2013 , DOI: 10.1080/14786435.2013) which uses a distribution of barrier energies and some aspects of under-cooled liquid physics is developed further. In particular, a log-normal distribution is now employed to describe the statistics of barrier energies. A high temperature mean-field description of homogeneous macro-plasticity is then developed and is shown to be similar to a thermal activation picture employing a single characteristic activation energy and activation volume. In making this comparison, the activation volume is interpreted as being proportional to the average mean-square-value of the plastic shear strain magnitude within the material. Also, the kinetic fragility at the glass transition temperature is shown to represent the effective number of irreversible structural transformations available at that temperature.
I. INTRODUCTION
The deformation properties of bulk metallic glasses are characterised by two temperature regimes 1 . At high temperatures, close to the glass transition temperature, BMGs deform homogeneously with the strain rate properties being reasonably well understood by thermally activated plastic flow. At lower temperatures, plasticity becomes heterogeneous and highly localized to shear-bands, resulting in limited ductility in tension and a few percent plastic strain prior to failure for some BMGs in compression. In this regime of temperatures both athermal 2 and thermal 3-5 theories of plasticity have been proposed. In the early work of Turnbull and Cohen 6-8 these different regimes emerged as a result of two competing processes, one diffusional and one stress induced. Later, Spaepen 3 attributed the homogeneous regime as resulting from a steady state of free volume creation and diffusional related free volume annihilation. Heterogeneous flow on the other hand was dominated by free volume creation since annihilation became diffusion limited at low temperatures. That two distinct temperature scales exist was also recognised by Argon 4 , who from the perspective of thermal activation developed two microscopic theories where at high temperature, plasticity was mediated by small atomic reconfigurations that resulted in a localized shear strain event,
and at lower temperature, a less local structural excitation that was akin to the nucleation of a dislocation loop occurs. Such mechanisms could give insight into the observed high temperature homogeneous plasticity and the low temperature heterogeneous plasticity.
Some time after this, high-strain rate atomistic simulation revealed the generality of such local structural excitations, where the transition from homogeneous to heterogeneous plasticity (as a function of decreasing temperature or increasing strain rate) emerged from the degree of correlation between such localized activity [9] [10] [11] [12] [13] [14] . Due to their high strain rates and stresses, both dynamic and static atomistic simulations primarily probe the athermal region of plasticity. Out of the earliest of this work by Falk and Langer 9 arose the concept of the Shear Transformation Zone (STZ) which was assumed to exist in regions of the material not so well relaxed -the so-called liquid like regions 12, [15] [16] [17] . The corresponding structural transformations were assumed to be activated athermally once a critical stress had been
reached. Such ideas developed into what is now called the effective temperature theories
in which the quenched disorder well below the glass transition temperature is characterised by an effective temperature that describes the structural fluctuations within the material, see for example 2 . This approach has been quite successful in developing a quantitative understanding of experimental low temperature deformation data.
It was recognised by Bouchbinder, Langer and Falk 18 that if one were to assume a thermal activation picture within the STZ framework 19, 20 , the density of such local structural excitations would have to be "improbably" large if the corresponding activation energies are in the realistic range of hundreds of kilojoule per mole (or electron volts per excitation). In going to an athermal picture, this difficulty was avoided and indeed STZs could now occur at quite dilute densities 18 , a picture that is compatible with the distinct liquid like regions assumed to exist within the glass.
Understanding the nature of such STZs, or more generally localized structural excitations, has also been influenced by the physics of the under-cooled liquid regime, in which two distinct relaxation time-scales are evidenced: that of the slow α-relaxation and the fast β-relaxation processes first introduced by Goldstein 21 . At temperatures near the glass transition and below, the α-relaxation processes rapidly increase their time-scale with the traditional viewpoint being that they freeze out of the structural dynamics in the amorphous solid regime 22 . Despite such an assumed freezing, the terminology of α-and β-relaxation has also been applied to the amorphous solid regime where the microscopic β processes mediate escape from the mega-basins of the elastic energy landscape of the α processes 23, 24 .
The present work also exploits this terminology and uses an additional fundamental feature of the under-cooled liquid regime, that the number of structural transformations available will scale exponentially with respect to a fundamental volume measure 25, 26 . Such ideas have been used in the early thermodynamic theories of Adam and Gibbs 27 and Kirkpatrick et al
28
-see also the review article by Heuer 29 -and provides a sufficient number of structural transformations to justify a thermal activation picture for temperatures that are well below the glass transition.
In particular the present work develops further the ideas of refs. [30] [31] [32] . In these works, a thermal activation picture was developed in which the characteristic plastic rate with respect to an internal heterogeneous volume scale was determined from a distribution of α-relaxation barriers whose number scales exponentially with the size of the heterogeneous volume and whose statistics is described by a distribution with extensive first and second cumulants. By doing this, the average time scale associated with plasticity at a particular temperature becomes intimately connected to the α-relaxation potential energy landscape (mediated by β relaxation processes) which is thermally accessible at that temperature. At zero loading or any given shear stress, two critical temperature scales emerge: 1) the plastic transition temperature which indicates a significant drop in the amount of plastic activity as the temperature is reduced, and 2) the (lower) kinetic freezing temperature where (on average) a single structural transformation becomes available per heterogeneous volume.
The transition between the higher temperature regime of 1) and the lower temperature region of 2) corresponds to a change of statistics, from that of the most probable to that of the extreme. Importantly, before the critical freezing temperature is reached, there will exist a low temperature regime (below the glass transition) where a sufficient number of thermally activated events exist to mediate a non-negligible macroscopic plasticity. Thus, in ref. 32 , the low temperature heterogeneous and high temperature homogeneous deformation regimes are distinguished by a transition in the nature of the statistics of the α-relaxation energy landscape. Put in other words, the freezing out of α-relaxation processes is only complete at temperatures far below that of the glass transition temperature, and until this extreme regime is reached thermal activation remains the underlying phenomenon controlling macroscopic plasticity -a fact that has been established experimentally for a variety of deformation geometries 1 including most recently that of shear band nucleation, propagation and arrest [33] [34] [35] .
The present work extends on the work done in ref. 32 (which will be referred to as paper I) by using a log-normal distribution to describe the statistics of the α-relaxation barrier energy landscape to develop a mean-field description of thermally activated plasticity for the high temperature/low strain rate regime of homogeneous deformation. Sec. II gives a brief overview of the current theory, secs. III-IV develops the theory for the positive valued lognormal distribution of barrier energies, sec. V develops a mean field description of plasticity suitable for the high temperature homogeneous regime of deformation, and sec. VI applies the theory to well known experimental data for the well studied BMG Vitroley-1. In the discussion and conclusion, sec. VII, two results are summarized: 1) when comparing with the usual Arrhenius description of high temperature homogeneous plasticity, the corresponding activation volume parameter is found to be equivalent to the variance of the internal slipped volume distribution, and 2) the fragility of the material is a measure of the number of structural transformations available at the glass transition temperature.
II. BRIEF SUMMARY OF BASIC THEORY
Paper I considered a characteristic time scale of irreversible structural transformation activity, τ p , whose inverse is seen as a plastic transition rate below the glass transition temperature. Studying the resulting temperature and stress dependence of [τ p ] −1 gave insight into the transition from elasticity to micro-plasticity. To determine [τ p ] −1 it was recognised that, at a large enough length scale, BMGs are considered structurally homogeneous indicating that a sufficient amount of self-averaging occurs with respect to a shorter heterogeneous length scale. Thus two length-scales naturally emerge which are realised through the homogeneous and heterogeneous volume elements. The plastic rate for a homogeneous
in which
In the above [τ p,n ] −1 is the particular plastic rate for the nth heterogeneous volume element and N ′ is the number of such heterogeneous volume elements leading to a well-converged self-averaged [τ p ] −1 . For the current work, the characteristic volume of the heterogeneous volume is labelled as V 0 giving
Under the assumption of thermally activated plasticity, the plastic rate associated with one particular heterogeneity volume is written as a linear sum of the M = M(N) thermally active transition rates available to that volume element:
where [τ p0,ni ] −1 (T ) and E p0,ni are the attempt rate and barrier energy for the ith irreversible structural transformation within the nth heterogeneous volume element. Eqn. 2 then be-
in which the average is performed with respect to [τ p0 ] −1 (T ) and E p0 .
In terms of the underlying potential energy landscape (PEL), the simple (first order) expression of eqn. 3 is only valid for thermally activated processes that do not multiply recross their energy barrier. This naturally leads to a coarse graining of the PEL, in which the barriers and (now diffusive) pre-factors entering into eqn. 3 underlie the collective microscopic activity that results in a lasting escape from a characteristic energy valley. By analogy to the under-cooled liquid PEL framework 23, 29 where two distinct time scales occur -the "slow" α-relaxation and "fast" microscopic β-relaxation modes -the self-averaging of eqn. 4 reduces (see paper I) to
Eqn. 5 consists of a diffusive attempt rate with a simple Arrhenius temperature dependence, representing the mediating β mode relaxation dynamics multiplied by a thermal factor whose temperature dependence will be derived from the statistical properties of the α-relaxation mode coarse grained PEL 31 .
In paper I the number of structural transformations available to each heterogeneous volume was assumed to scale exponentially with the number of atoms within V 0 , giving M = exp(α) where α = αN and N is the characteristic number of atoms within a heterogeneous volume. The right most average in eqn. 5 is then evaluated via a distribution of barrier energies defined by an extensive first and second cumulant, and written as
Here E(T ) is interpreted as the temperature dependent internal barrier energy and S(T ) as the temperature dependent barrier entropy. Within this context, F (T ) is referred to as the free barrier energy. All of these quantities are extensive and exp(S(T )/k b ) gives the apparent number of structural transformations available at temperature T . In paper I, a Gaussian distribution was used giving closed form expressions for both E(T ) and S(T ). An important property of the above is that for a large enough N there exists a sharp crossover in behaviour where for, F (T ) < 0, eqn. 6 is negligible and for, F (T ) > 0, it is exponentially large. Thus T c , where F (T c ) = 0, defines a critical temperature at which the plastic transition rate rapidly rises.
By assuming the application of a pure shear stress broadens the distribution via a quadratic increase in the variance (with respect to stress), all mentioned quantities, including T c , gain a shear stress dependence. Via the assumption that at zero applied shear stress T c corresponds approximately to the glass transition temperature, the stress dependence of T c rises rapidly from zero at T g as the temperature is lowered. 
III. THE LOG-NORMAL BARRIER ENERGY DISTRIBUTION
In paper I a normal distribution of barrier energies was considered and also a modified version such that the distribution would limit to zero at zero barrier energy. The present work will consider a log-normal distribution of barrier energies. This distribution has the desirable features of being a positive valued distribution with independent first and second cumulants (average and variance) -a requirement of the current model. The log-normal distribution is given as
In paper I it was argued that the barrier energy distribution shall have extensive first and second cumulants, that is, the barrier energy mean E 0 and variance δE 2 0 will be linear functions of the number of atoms, N, within the heterogeneous volume element. As in paper I, an over-lined quantity will represent the corresponding intensive variable giving E 0 = NE 0 and δE 2 0 = NδE 2 0 . Thus, the first and second moments of eqn. 10 will be
resulting in
The log-normal distribution in the form of eqn. 10 will now be used to obtain the average plastic rate per heterogeneous volume (sec. IV) and, through a mean-field description of the internal stress, the average plastic strain rate per heterogeneous volume (sec. V) which can be considered as the flow equation for the high temperature homogeneous deformation regime. More generally, it will be shown that the same central results of paper I are also obtained using a log-normal distribution of barrier energies, instead of a normal distribution that was originally employed.
IV. THE PLASTIC TRANSITION RATE VIA AN ANALOGY TO STATISTICAL MECHANICS
The central mathematical challenge is to evaluate the final factor of eqn. 5:
or, with respect to the barrier energy distribution,
The integral in eqn. 16 is the generating function of the distribution, and for the Gaussian distribution considered in paper I, has a simple closed-form representation. For the lognormal distribution, such a straight forward avenue of calculation appears not to be available, however, the analogy to statistical mechanics derived in paper I provides a procedure for the evaluation of eqn. 16. Indeed, eqn. 15 can be viewed as
where · · · is an average over heterogeneous volumes. The right-hand-side term has the structure of an environmentally averaged partition function average allowing the mathematical problem to exploit the full apparatus of equilibrium statistical mechanics. To obtain a closed form expression of such a partition function, the micro-canonical approach of Derrida 37 can be used to construct the corresponding free (barrier) energy. This procedure is now applied when the barrier energy distribution is taken as a log-normal distribution.
The average number of barrier energies between E and E + dE, Ω(E) , is given by
where dE must be small enough to ensure a well defined barrier energy but also large enough so that Ω(E) is a smooth function of E (see ref. 37 for a related discussion). For a sufficiently large heterogeneous volume, fluctuations in eqn. 18 become small and Ω(E) becomes a statistically meaningful quantity, allowing for a corresponding barrier entropy to be defined via S(E) = k B ln Ω(E) . Doing this for the log-normal distribution, eqn. 10, results in the barrier entropy:
To obtain the internal barrier energy and entropy as functions of temperature, an analogy to the thermodynamic definition,
is applied to eqn. 19, giving
A solution to the above with respect to E(T ) is obtained via the Lambert W-function giving
Eqn. 22 gives the internal barrier energy as a function of temperature and its substitution into eqn. 19 gives the barrier entropy as a function of temperature:
In the above, the term containing dE in eqn. 19 has been taken as ln[dE/(
. This approximation will be discussed in the proceeding paragraphs.
Eqns. 22 and 23 give the free barrier entropy, F (T ) = E(T ) − T S(T ), and therefore the final form of eqn. 17 as
Subsitution of this back into eqn. 5 gives
where E p00 + E(T ) can be viewed as the apparent barrier energy and the exponential involving S(T ) as the number of thermally accessible structural transformations available to the heterogeneous volume. Using eqns. 12 to 14, the N → ∞ limit of F (T ), gives
demonstrating that for large enough heterogeneous volumes the free barrier energy is an extensive quantity as is the case of the a Gaussian distribution. Indeed by expanding those terms involving the Lambert W-function as a Taylor series to second order in δE 2 0 /(k B T E 0 ) recovers a central result of paper I:
That is, for a narrow enough distribution (set by δE 0 ) the free barrier energy limits to that obtained for a Gaussian distribution of barrier energies as derived in Paper I. This is compatible with the fact that for a small enough δE 0 , the log normal distribution limits to a Gaussian distribution. Eqn. 27 has the virtue that it leads to a simple analytic solution to F (T c ) = 0 for the critical temperature at which significant plastic activity can be expected (see eqn. 11 of ref. 32 ).
Eqn. 26 will be used for further development since it is only at this limit that the right most term in eqn. 19 becomes negligible and can be ignored. Indeed Derrida 37 has argued that dE ∼ N ζ where ζ < 1. Moreover eqn. 26 affords a simpler mathematical formalism which is more easily comparable to the normal distribution used in paper I. Reabsorbing the factor N into the free barrier energy gives F (T ) = E(T ) − T S(T ) as
with
and
Thus the plastic strain rate (eqn. 5) becomes
withe F (T ) being given by eqn. 28. The above expression gains its external shear stress dependence via the assumed quadratic dependence of the variance of the barrier energy distribution 32 :
where σ 0 becomes a fitting parameter. Presently, the alternative form
will be used. Here G is an appropriate value for the bulk shear modulus and δE σ is the corresponding fitting parameter with units of barrier energy.
V. MACROSCOPIC PLASTICITY -A MEAN FIELD APPROACH
Paper I considered only the characteristic escape rate from a mega-basin. For plastic strain evolution the new mega-basin into which the material enters is of importance. Such a structural transformation from one mega basin to another will contribute to the bulk plastic strain. A natural consequence of a distribution of barrier energies is that any such event will have an associated plastic strain signature which, like the barrier energy, is a random variable. Under zero load conditions, the material traverses (at a long enough time-scale and high enough temperature) a series of mega-basins and the internal plastic strain fluctuates accordingly. Assuming the heterogeneous volumes interact via elasticity, this strain fluctuation corresponds to an internal stress fluctuation and therefore an elastic potential energy landscape.
It is such a coarse grained potential energy landscape which underlies the alpha energy landscape and therefore the heterogeneity of the material. Due to the assumed exponential number of available structural transformations there will also be an exponential number of mega-basins that the material can enter. Hence upon exciting one mega-basin and entering another, the statistics will be negligibly affected, with the consequence being that the system has again access to all possible strain states. Which one it chooses will be stochastically biased towards those that minimise the local elastic energy. This situation does not change upon application of a load, however those structural transformations that can reduce the elastic energy of a particular deformation geometry will become more likely.
So far, the average properties of the non-interacting heterogeneous volumes have been considered, giving τ −1 p (T, σ µν ) where σ µν is the externally applied pure shear stress tensor.
From the above discussion, the primary interaction between heterogeneous volumes will be of elastic origin. The inclusion of such interactions may be done via the Eshelby construction.
Here the goal is to calculate the elastic energy contribution arising from a local plastic strain increment within a particular heterogeneous volume (the nth) of volume V 0 . In the Eshelby construction 38 , this is done by removing from the the amorphous matrix the heterogeneous volume in which the plastic event has occurred, and allowing it to relax to a stress free state given by ε µν T . The heterogeneous volume is then deformed elastically to return it to its original shape via the corresponding elastic strain −ε µν T and re-inserted into the matrix. At this point, the particular heterogeneous volume (the inclusion) has a stress derived from Hookes law equal to σ µν T whilst the surrounding matrix is stress free. The combined system is then allowed to relax to an equilibrium internal stress configuration reducing the inclusion stress by σ Assuming that this change in elastic energy modifies linearly the intrinsic barrier energy corresponding to this plastic event, one has
The strain rate for the nth heterogeneous volume then becomeṡ
where ε µν T,ni is the strain increment associated with the barrier energy E n,i and attempt rate ν n,i . Thus each barrier energy is modified from its (local) zero stress value by the total elastic strain energy associated with the plastic event occurring. The strain rate for the RVE is thereforeε
Here V RVE is the volume of the RVE volume giving
The elastic relaxation associated with the ith plastic event, within and surrounding the nth heterogeneous volume, results in σ Thus for each heterogeneous volume, σ µν E,n arises from an external applied stress plus an internal stress arising from the elastic interaction between the plastic events from all other heterogeneous volumes. Such a formalism has been considered by Bulatov and Argon [39] [40] [41] in their development of a thermal activation model for the plasticity of glasses, and more recently using the finite-element-method by Homer and Schuh [43] [44] [45] . In the present work a mean field approach will be taken which exploits the fact that the local contribution to σ µν E,n arising from other heterogeneous volumes will on average equal zero, giving σ
T,ni where γ T,ni will be the shear strain magnitude of the plastic event and G is the appropriate bulk isotropic shear modulus for the system. δG ni embodies the elastic relaxation of the plastic strain event and will be different for each plastic event. Within the current mean field approach this will be absorbed into G resulting in the G being an effective bulk shear modulus of the system. These approximations afford a simple average with respect to heterogeneous volumes resulting in eqn. 37 becominġ
in which the average is performed with respect to ε µν T , τ p0 and E p0 . Since there should be no correlation between the strain increment ε µν T and the parameters τ p0 and E p0 associated with the escape of a particular mega-basin (since each strain state is always accessible), the above average with respect to ε µν T may be performed independently from τ p0 and E p0 , giving,
In the last equality, [τ p ] −1 (T, σ µν ) is given by eqn. 5.
A consequence of such a lack of correlation is that the magnitude of a barrier energy is, on average, not correlated with the magnitude of the resulting plastic strain increment. This The plastic strain average in eqn. 39 may be written as
and therefore the goal is to calculate
To evaluate this average further, the two dimensional case of plane strain will be considered involving only an external pure shear stress component:
Under these constraints, the characteristic shear strain matrix takes the form
giving
Thus all possible plastic strain increments are defined by an orientation angle θ T and a plastic shear strain magnitude γ T . Due to the exponentially large number of plastic strain increments available and the lack of a preferred direction, the random variable θ T is assumed to be derived from a uniform distribution ranging from θ T = 0 to θ T = π. On the other hand, for reasonable values of the shear strain magnitude, the distribution for γ T is expected to be bounded. Presently (and for mathematical simplicity) the distribution is assumed to be a normal distribution centred on zero with standard deviation δγ. It is acknowledged that other distributions are also feasible. With these assumptions eqn. 41 becomes
where I n (x) is the modified Bessel function of order n and
In sec. VI, the latter approximation will be shown to be valid for temperatures close to the glass transition temperature.
Using eqn. 40 this finally gives the strain rate per heterogeneous volume aṡ
Using eqn. 31 and writing, δγ = δγ 0 /V 0 , this reduces tȯ
where
Eqn. 48, written explicitly in terms of the internal barrier energy and barrier entropy, be-
The above equation should be compared to the early thermal activation models grounded on the work of Spaepen 3 and Argon 4 , which for homogeneous plastic deformation in the vicinity of the glass transition temperature is usually taken as
where α ta contains various quantities including the fraction of volume available to deformation, ν ta is the attempt frequency, γ ta is the characteristic strain, Q ta is the activation energy and V ta is the activation volume. Comparison of eqn. 51 to 52 suggests that δγ 0 can be viewed as a characteristic strain rate (= ν ta γ ta of eqn. 52), exp [S(T, σ)/k B ] as a temperature and stress dependent number of available structural transformations, E p00 + E(T, σ) as a temperature and stress dependent activation energy, and δΩ as an activation volume. This Thus, although the present theory has a number of quite different physical assumptions when compared to earlier high-temperature thermal activation models, the mean-field prediction of the average strain rate as a function of temperature and stress in the high temperature/low strain rate regime does not operationally differ from these early models.
This observation will be shown in more detail in the next section, when the model is fitted to actual experimental data.
VI. APPLICATION TO THE HIGH TEMPERATURE DEFORMATION DATA OF LU, RAVICHANDRAN AND JOHNSON 5
Inspection of eqn. 48 reveals the free parameters of the model are δγ 0 , δΩ, and those associated with E p00 + F (T ) which are E p00 , E 0 , δE 0 , α and δE σ . The latter shear stress dependence gets its definition via eqn. 33 where here δE 0 is equal to δE 0 (σ = 0). As in paper I, E 0 and δE 0 , which define the barrier energy distribution can be entirely determined from experimentally accessible parameters, in particular via the viscosity η g and fragility m
at the glass transition temperature T g .
Linear (Newtonian) viscosity may be formally given as
One common method to define the glass transition temperature is when the viscosity reaches
Pa-sec at a cooling rate of 20 K/min. That is,
In addition to the value of the viscosity at T g , a common material parameter to structural glasses is the fragility -the rate at which viscosity changes with respect to temperature at
Substitution of eqn. 53 into eqn. 55 gives
or the internal barrier energy at T g
This physically appealing result is general and arises because eqn. 20 requires T ∂S/∂T = ∂E/∂T or equivalently the expression, U/T 2 = ∂(F/T )/∂T , which is analogous to the GibbsHelmholtz equation in thermodynamics. Further substitution of eqn. 57 into 54, gives the barrier entropy at T g
Thus the experimental parameters η g , m define the free barrier energy at T g for a given choice of δΩ, δγ 0 and α. Eqns. 57 and 58 in conjunction with eqns. 29 and 30 also uniquely determine E 0 and δE 0 ,
It is noted that the time rate of change of viscosity at the glass transition is given aṡ η g = η g mCR/T g where CR is the cooling rate from the under-cooled liquid regime. Thus the cooling rate does not give additional information about the theory and emphasizes the fact that the current thermal activation approach is not applicable to the physics of the under-cooled liquid regime.
The remaining free parameters are δγ 0 , δΩ, E p00 , α and δE σ . E p00 can be determined from dynamical mechanical analysis or differential scanning calorimetry experiments 24 It is noted that for these parameters, the numerator of eqn. 46 evaluated at T g equals ≃ 1.03 for V 0 ≃ 10 nm 3 , justifiying the ensuing approximation of eqn. 46.
When interpreted as an activation volume, the parameter δΩ has a numerical value that is similar to that found in refs. 1,24 when using the Arrhenius form of eqn. 52. When assuming that the volume of the heterogeneous volumes is one to three orders of magnitude larger than this "activation volume", eqn. 49 and 50 together with the numerical value of δγ 0 indicate a value for τ p00 ranging somewhere between 10 9 to 10 12 -a range of values compatible with it being some multiple of the Debye frequency of the system. The numerical value of δE σ indicates a weak stress dependence of the distribution of barrier energies, a consequence of which is that the apparent barrier energy has a weak stress dependence and therefore a value (E(T g ) + E p00 ≃ 4.82 eV) differing little from the activation energy obtained when using eqn. 52, which is Q ≃ 4.6 eV 1,24 . The corresponding log-normal barrier energy parameters have values of E 0 = 15.02 eV and δE 0 = 2.3 eV indicating that in the high temperature regime, the relevant part of the distribution (∼ k B T g remains that of low barrier energy tail. 36 . The higher strain rate curves are characterised by an initial rise in stress that may be loosely associated with the elastic deformation regime, a peak stress indicating the onset of a material instability and an eventual stead state flow regime. Appendix B of paper I used a simple method to obtain a constant strain rate stress strain curve from eqn. 48, resulting in the stress at time t + ∆t being given by
1e-08 0.0001 1 10000 strain rate (sec For a small enough time interval this may be approximated as
and iterated to generate a stress-strain curve.
In the above the plastic strain rate,ε p (T, σ) is given by √ 3γ RVE (T, σ) (eqn. 48), Y is the appropriate bulk Youngs modulus andε total the chosen constant total strain rate. Using this model, fig. 1c also displays the resulting model stress-strain curves. Whilst the steady state stress regime is well described by the model, particularly for low values of strain rate, the peak stress regime associated with the emergence of a stress overshoot is not at all present -a result due to the mean field nature of the current plasticity model, which necessarily can only describe homogeneous plasticity. Fig. 1d figure) . With T g at approximately 623K, such data clearly shows the transition from a high temperature/low strain rate homogeneous plasticity to a low temperature/high strain rate regime of deformation. Whilst the model is unable to reproduce the peak stress behaviour it is revealing to plot on this curve the temperature dependence of the steady state stresses for comparable strain rates (solid curves). For the lowest strain rate, good agreement is seen in the high temperature regime where experimentally the peak stress regime is absent. For larger strain rates, the quantitative agreement reduces due to the mean field nature of the current plasticity model -however qualitatively the trends are similar. For this very same reason, the rapid change in experimental behaviour seen as the temperature reduces is not evident in the model, although at higher stresses (beyond the range of the figure) the predicted steady state stress does limit to a plateau with a weak temperature dependence -a regime that was investigated in Paper I (see fig. 8 of 32 ).
Having said the above, fig. 1d also includes (the dashed lines) the consequences of the model when fitted to the peak stress data, as in paper I, rather than the steady state data. The emerging plateau region at low temperatures now becomes evident, although the sharper transition to this temperature regime seen when using the modified Gaussian of paper I is no longer evident when using the more restrictive log-normal distribution of eV and δE 0 = 6.7 eV which represents a distribution that is closer in position to the the fitted modified Gaussian distribution used in paper I (see fig. 7c of 32 ). Whilst such an approach is certainly not justified in the temperature regime where there is a cross-over from homogeneous to heterogeneous plasticity, and a strong difference between the peak stress and flow stress, well below the glass transition temperature there is little experimental distinction between these stresses. Thus one could argue (as was done in paper I) that mean field would be applicable both to the quite low temperature and high temperature deformation modes for the onset of plastic deformation (that is yield), with the intermediate cross-over regime not being well described. The dashed curves in fig. 1d tend to support this conclusion.
VII. DISCUSSION AND CONCLUDING REMARKS
The present thermal activation theory provides a entirely kinetic interpretation of the fragility index at the glass transition temperature. This may be seen by writing the barrier entropy, eqn. 58, as
or rather as
with For a realistic deformation experiment, τ Exp >> τ p00 , resulting in the above equality between S(T g ) and m being an over estimation of the barrier entropy. This is because over the period of time, τ Exp , significant experimentally unresolvable activity occurs which also contributes to the correspondingly measured fragility. Through the term k B ln [τ Exp /τ p00 ] this activity contributes to an effective reduction of the needed barrier entropy. Thus when the glass transition is viewed as an entirely kinetic phenomenon (as is done here), the fragility becomes a direct measure of the apparent number of available α-mode structural transformations. Thus eqn. 64 (and eqn. 58) is considered more fundamental than the more familiar eqn. 57 which (here) arises from the requirement that the temperature T defined via eqn. 20 corresponds to the thermodynamic temperature of the system.
Using the fitted parameters of Viteroly-1 obtained in sec. VI, the value of the ratio τ Exp /τ p00 ≃ 3 × 10 13 suggests a reasonable choice of τ p00 (in the range of 10 −9 to 10 −12 sec) will give a τ Exp that is within the domain of a typical deformation experiment.
The current mean-field description of macroscopic plasticity is only suited to purely homogeneous plasticity, where within one RVE, it is valid to describe the plasticity as arising from the average response of a heterogeneous volume. Whilst this might be valid for a broad range of temperatures in the flow stress regime, figs. 1c-d demonstrate that for high enough strain rate or low enough temperature, the mean field approximation is unable to describe the presumably heterogeneous transition from elasticity to macroscopic plasticity seen in experiment. Indeed at quite low temperatures, where the available number of structural transformations per heterogeneous volume approaches unity a new regime of strongly heterogeneous statistics emerges associated with that of the extreme value. The average temperature at which this occurs is referred to as the kinetic freezing temperature and may be found as the solution to the barrier entropy equalling zero, S(T f ) = 0: the case when there exists, on average, one available structural transformation per heterogeneous volume.
Using eqn. 30 and the known properties of the Lambert W-function, this temperature is found to be
for the log-normal distribution. A Gaussian distribution gives a similar result, but without the exponential factor.
For T < T f (σ) the free barrier energy becomes independent of temperature equalling a fit to the peak stress, the freezing temperature rises to approximately 203 K, which is somewhat smaller than that obtained when using a Gaussian distribution fitted also to the peak stress (as done in paper I). energy is positive, the plastic rate reduces many orders of magnitude when compared to the value associated with the glass transition temperature regime. At T < T f the free barrier energy also becomes constant, and it is in this regime a simple temperature independent value for both the number of available structural and the energy barrier is formally justified.
Despite this, the work of sec. VI demonstrates that temperature independent quantities can be used to describe reasonably well the high temperature/homogeneous deformation regime.
Indeed fig. 2 demonstrates that both barrier energy and entropy do not vary greatly over the 550 K to 650 K temperature range. density of (liquid like) regions existing within the structural glass which are amenable to plastic deformation has been abandoned -in the present work, any particular region of the material can admit a very large number and variety of structural transformations. Of course, at low enough T the apparent number of structural transformations drastically reduces as the entire α-relaxation PEL gradually freezes out and the kinetic freezing regime is entered.
Another similarity between eqns. 51 and 52 is a shear stress dependent term which for the present work has the form x exp(x 2 )(I 0 [x 2 ] + I 1 [x 2 ]) and for the Arrhenius form is sinh(x).
In both cases x = Volume × σ/(k b T ). For the Arrhenius form, the volume term is seen as an activation volume associated with the barrier enthalpy of the volume distortion needed for the structural transformation to occur. In the present work, this quantity originates from the variance of the distribution of available local plastic strains, δγ, via δΩ = V 0 δγ/2. The righthand-side of this equality may be seen as a measure of the variance of the available slipped volume within the system, which itself is coming from a characteristic internal slipped area multiplied by a characteristic slip distance.
In eqn. 52, the sinh(x) factor arises from reversibility of the single characteristic structural transformation of the system and that the sign of the enthalpy term changes for the inverse process. For the present work, the factor x exp(x 2 )(I then arises from the mean-field average (integration) over all possible plastic transitions.
Whilst the currently developed mean-field picture affords some insight into the consequences of the present theory to macro-plasticity, it certainly is limited to the low strain rate and high temperature range, a regime that is experimentally insensitive to fluctuations away from homogeneity, and also to the thermal and loading history of the material. Indeed, inherent to the above picture is that the material has no memory of its past state. This is direct result of the mean field theory variant presently used since the elastic interaction between heterogeneous volumes is not at all considered. When such interactions are taken into account the pre-history of the material will play an integral role in its response to an external condition. In this regard the internal stress field may be viewed as the state-variable of the model. To address these aspects of low temperature, high strain rate and material history, the mean field approach must be abandoned and an approach which considers correlated spatial variations in plastic activity must be considered. How to develop a theory of macroscopic plasticity beyond mean-field, and which spans the regime of T f up to T g for experimentally accessible strain rates, will be the subject of paper III in this series of work.
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